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Abstract. In this paper, we study the frame dependence/independence of cosmological ob-
servables under disformal transformations, extending the previous results regarding conformal
transformations, and provide the correspondence between Jordan-frame and Einstein-frame
variables. We consider quantities such as the gravitational constant in the Newtonian limit,
redshift, luminosity and angular diameter distances, as well as the observed specific flux and
intensity. Also, the distance-duality and reciprocity relation, the Boltzmann equation, and
the adiabaticity condition are discussed. In particular, we show that the redshift is invari-
ant and the distance-duality relation (the relation between the luminosity distance and the
angular diameter distance) still holds in general spacetimes even though the reciprocity rela-
tion (the relation between two geometrical distances) is modified. Since the electromagnetic
action changes under disformal transformations, photons in the Einstein frame no longer
propagate along null geodesics. As a result, several quantities of cosmological interest are
modified.
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1 Introduction
The extension of gravity theory is now paid particular attention to. Our Universe has expe-
rienced a phase of accelerated expansion not only in the early stages of its evolution but also
in the late Universe. A scalar degree of freedom might be responsible for these accelerated
expansions, which motivates us to extend general relativity to the so-called scalar-tensor
theories of gravity. Such scalar-tensor theories of gravity [1–6] are usually formulated in the
so-called Jordan frame, where the metric tensor is minimally coupled to the matter sector.
On the other hand, when we perform a conformal transformation to the metric, the action
can be reduced to that of the Einstein gravity, but the metric is now non-minimally coupled
to the matter sector [7]. Therefore, an important question, which has been heavily discussed,
is “which frame actually describes physics?”.
In a previous paper [8], two of us (see also refs. [9, 10]) studied this problem and found
that the cosmological observables/ relations (redshift, luminosity distance, and temperature
anisotropies) are frame-independent under the conformal transformation. Moreover, the
frame dependence/independence of the adiabaticity condition and curvature perturbations
– 1 –
was investigated in refs. [8, 11]. Such frame dependence was also discussed at quantum level
through one-loop corrections [12–14].
However, the most general metric transformation involving a scalar field that respects
causality and the weak equivalence principle is the so-called disformal transformation [15].
Since the causal structure changes under a disformal transformation, the propagation of
photons is modified. Hence, it is not clear whether cosmological observables are still frame-
independent. Several previous studies have argued that some cosmological observables —
such as the distance-duality relation and the spectrum of the cosmic microwave background
(CMB) — are frame-dependent. However, since the disformal transformation, as in the case
of conformal ones, is merely a change of variables or units, we believe that the physical
laws and any observable quantity should not depend on a particular set of variables, being
disformal-frame independent. In fact, the invariance of physical quantities such as cosmolog-
ical perturbations, causal structure, propagation speed, and number of degrees of freedom
was already shown [16–20], and some of our results in this paper overlap with the those
presented in these references.
In this paper, after presenting the relations between the variables in the Jordan and Ein-
stein frames, we calculate, in both frames, the equations and observables in classical gravita-
tional theory, including the geodesic equations and the effective gravitational constant (sec-
tion 2); the redshift, luminosity distance, angular diameter distance, and the distance-duality
relation (section 3); the photon distribution function and adiabaticity condition (section 4).
At each step, we check if the quantities are frame-independent or frame-dependent. In ap-
pendix A, several relations of the matter energy-momentum tensor are given. Throughout
this work, we use units such that c = ~ = 1, unless otherwise stated.
2 Disformal transformation and geodesics
2.1 Disformal transformation
The disformal transformation between Jordan frame metric, g˜µν , and the Einstein frame
metric, gµν , is defined as [15]
g˜µν = A(φ,X)gµν + B(φ,X)φµφν , (2.1)
where X = −gµνφµφν/2, with φµ = ∂µφ, whereas A(φ,X) and B(φ,X) are arbitrary func-
tions of the scalar field φ and X. One can verify that the inverse metrics are related via
g˜µν =
1
A(φ,X)
(
gµν − B(φ,X)A(φ,X)− 2B(φ,X)Xφ
µφν
)
, (2.2)
where φµ = gµνφν , such that g˜
µν g˜να = δ
µ
α.
In Jordan frame, the metric is minimally coupled to the matter fields, here collectively
represented by Ψ, and the matter action is given by SM [g˜µν ,Ψ]. On the other hand, in
the Einstein frame, which is obtained via the transformation eq. (2.1), the metric is non-
minimally coupled to the matter fields. More concretely, the action in the Einstein frame is
given by
S[gµν , φ,Ψ] =
∫
d4x
√−g
[
R
16piG∗
+K(φ,X)
]
+ SM [Agµν + Bφµφν ,Ψ] , (2.3)
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where G∗ is the bare gravitational constant and K(φ,X) is an arbitrary function of φ and
X. The determinant of gµν is related to the determinant of g˜µν as [21]√
−g˜ = A3/2(A− 2BX)1/2√−g , (2.4)
which can be derived by moving to a local Lorentz frame, in which φ = φ(t) [15].
In order to go back to Jordan frame, we employ the inverse metric transformation
gµν = A˜(φ, X˜)g˜µν + B˜(φ, X˜)φµφν , (2.5)
where X˜ = −g˜µνφµφν/2, A˜ = 1/A and B˜ = −B/A. For the resulting Einstein-Hilbert action
in Jordan frame, see refs. [20, 22].
2.2 Particle motion
The trajectory of a test particle is parametrized by its proper time. The proper time in
Jordan frame, τ˜ , is related to the proper time in the Einstein frame, τ , as
dτ˜2 = −g˜µνdxµdxν = −(Agµν + Bφµφν)dxµdxν =
(A− B(φµuµ)2) dτ2 ≡ α2dτ2 , (2.6)
where we have introduced the Einstein frame four-velocity uµ = dxµ/dτ and the function
α =
√A− B(φµuµ)2.
For a test particle with four-velocity u˜µ ≡ dxµ/dτ˜ in Jordan frame, the geodesic equation
is given by
u˜ν∇˜ν u˜µ = 0 . (2.7)
Now, to compute the equations of motion in the Einstein frame, first note that the
four-velocity in Jordan frame is related to the one in Einstein frame as
u˜µ =
dxµ
dτ˜
= α−1uµ . (2.8)
Also, the relation between the covariant derivatives ∇˜µ and ∇µ is given by [23]
∇˜νuµ = ∇νuµ + Cµνρuρ , (2.9)
such that, for the metric transformation eq. (2.1), one can show that [20]
Cµνρ =
1
2
g˜µσ (∇ρg˜σν +∇ν g˜σρ −∇σ g˜νρ) (2.10)
= δµ(ν∇ρ) lnA−
1
2
g˜νρg˜
µσ∇σ lnA+ BA− 2XBφ
µφνρ
+
B
A− 2XBφ
µφ(ν∇ρ) ln(B/A)−
B
2
φνφρ g˜
µσ∇σ ln(B/A) , (2.11)
where φµν = ∇µ∇νφ. Note also that the metric g˜µν and its inverse are to be computed using
eqs. (2.1) and (2.2), respectively. Combining these results, the geodesic equation (2.7) can
be written in terms of Einstein frame quantities, yielding
uν∇νuµ = α−1uµuν∇να− Cµνρuνuρ , (2.12)
which is the equation of motion for a test particle in Einstein frame. Since the matter fields
are non-minimally coupled to gravity in the gµν frame, the test particle does not follow
geodesics.
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2.3 Geometric optics and propagation of photons
To derive the geodesic equation for photons, we consider the Maxwell equations in the geo-
metric optics approximation [24]. From the action for electromagnetism in Jordan frame
SEM = −1
4
∫
d4x
√
−g˜ g˜αµg˜βνFµνFαβ , (2.13)
where Fµν = ∂µAν − ∂νAµ with Aµ being the electromagnetic gauge field, the source-free
Maxwell equations, in the Lorentz gauge, are given by
∇˜ν∇˜νAµ − R˜ νµ Aν = 0 , (2.14)
∇˜µAµ = 0 . (2.15)
Under the geometric optics approximation, we seek a solution of the form
Aµ = Cµe
iS , (2.16)
where we assume that the phase S is large, varying rapidly compared to the amplitude Cµ,
and that the wavelength of the electromagnetic waves is much smaller than the curvature
radius. Substituting eq. (2.16) into eq. (2.14) yields, to the leading order
g˜µνkµkν = 0 , (2.17)
where kµ = ∂µS is the propagation vector of the electromagnetic waves, which is normal to
the surfaces of constant phase. This shows that, in Jordan frame, the wave vector k˜µ = g˜µνkν
is a null vector. The geodesics equation is derived by taking the gradient of eq. (2.17)
k˜ν∇˜νkµ = 0 . (2.18)
Thus, the light rays travel along null geodesics.
In the Einstein frame, the propagation vector kµ = ∂µS is the same, but its norm is
different from zero: from eqs. (2.17) and (2.2),
gµνkµkν =
B
A− 2BX (φ
µkµ)
2 . (2.19)
Then, by taking the gradient of eq. (2.19), the geodesics equation is given by
kν∇νkµ = 1
2
∇µ
(B(φµkµ)2
A− 2BX
)
, (2.20)
where kµ = gµνkν .
The fact that the tangent vector kµ is no longer null in the Einstein frame (although
being null in Jordan frame) implies that the speed of light in the gµν frame is different from
unity. In fact, for a flat spacetime in the Einstein frame, light rays obey
0 = ds˜2 = Ads2 + Bφ˙2dt2 = −α2dt2 +Adx2 , (2.21)
where we assume φ(t,x) = φ(t) and α =
√
A− Bφ˙2. Thus, the effective speed of light in the
Einstein frame cE is given by
cE =
α
A1/2 . (2.22)
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2.4 Newtonian limit and gravitational constant
We now turn our attention to the Newtonian limit (weak gravitational field and slow motion
of test particles). In standard general relativity, the geodesic equation (for minimally coupled
particles) can yield the Newtonian limit for a weak gravitational field only if
g00 = −(1 + 2Φ) , gij = δij , (2.23)
where Φ is the Newtonian potential. In accordance with the post-Newtonian bookkeeping
system [25], we assign a bookkeeping label  that keeps track of small quantities such that
|∂/∂t|/|∂/∂x| ∼ v and Φ ∼ v2 ∼ p/ρ ∼ ∂φ ∼ O(), where v represents the velocity of test
particles. We naturally follow the same approach for quantities in Jordan frame.
Note however that since the disformal factor B is always accompanied by factors (∂φ)2 ∼
O(2), these terms will lead to post-Newtonian corrections. Hence, as it will be shown,
the Newtonian limit of disformally related theories is identical to the conformal case with
A = A(φ).
Let us start with the Newtonian limit in Einstein frame. For a canonical scalar field,
K(φ,X) = X − V (φ), the action eq. (2.3) leads to the equation of motion
φ− dV
dφ
= Q , (2.24)
where Q represents the non-minimal coupling with matter fields and is given by [26]
Q = ∇µWµ − Z , (2.25)
Wµ =
B
AT
µν
M φν −
A− 2BX
2A(A−A,X + 2B,XX2)
(
A,XTM + B,XTαβM φαφβ
)
φµ , (2.26)
Z =
1
2A
([
A,φ + A,XX (A,φ − 2B,φX)A−A,X + 2B,XX2
]
TM (2.27)
+
[
B,φ + B,XX (A,φ − 2B,φX)A−A,X + 2B,XX2
]
TµνM φµφν
)
, (2.28)
TµνM is the matter energy-momentum tensor and TM is its trace and the comma denotes the
functional derivative such that A,X = ∂A/∂X, for instance. Hereafter we set V (φ) = 0 for
simplicity. Then, keeping only terms of order O(), the right-hand side of the equation of
motion becomes
Q =
1
2
∂ lnA
∂φ
ρ . (2.29)
Hence, in the Newtonian limit one has
∇2φ = 1
2
∂ lnA
∂φ
ρ , (2.30)
which admits the solution, up to order O(),
φ(x) = φ0 − 1
8pi
∂ lnA
∂φ
∣∣∣∣
φ0
∫
d3x′
ρ(x′)
|x− x′| , (2.31)
where the derivative of A is evaluated at φ0, the asymptotic value of the scalar field.
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On the other hand, the evolution of the metric gµν is determined from eq. (2.3), leading
to the usual Einstein’s equation,
Rµν = 8piG∗
[
TMµν + T
φ
µν −
1
2
gµν
(
TM + T φ
)]
, (2.32)
in which T φ is the trace of T φµν , the energy-momentum tensor for the canonical scalar field,
given by
T φµν = φµφν + gµνX . (2.33)
We note that T φµν is O
(
2
)
, and in the Newtonian limit, the time-time component of eq. (2.32)
becomes
∇2Φ = 4piG∗ρ . (2.34)
Similar to φ, the solution for the gravitation potential is
Φ(x) = Φ0 −G∗
∫
d3x′
ρ(x′)
|x− x′| . (2.35)
To find the gravitational constant in Einstein frame, we use the fact that due to the
non-minimal coupling to the scalar field, material particles experience a fifth-force. At the
Newtonian order, the geodesic equation (2.12) becomes
d2x
dt2
= −∇Φ− 1
2
∂ lnA
∂φ
∇φ (2.36)
= −G∗
1 + 1
16piG∗
(
∂ lnA
∂φ
)2∣∣∣∣∣
φ0
∫ d3x′ (x− x′)ρ(x′)|x− x′|3 , (2.37)
where we have employed eqs. (2.31) and (2.35). The coefficient before the integral can be
seen as the effective gravitational constant in Einstein frame measured by the Cavendish-
type experiments, and thus
G = G∗
1 + 1
16piG∗
(
∂ lnA
∂φ
)2∣∣∣∣∣
φ0
 . (2.38)
Now we move on to Jordan frame. To calculate the effective gravitational constant G˜
we must first get the corresponding equations of motion, eqs. (2.30) and (2.32), in Jordan
frame.
Ignoring post-Newtonian terms, the connection relating the covariant derivatives in each
frame, eq. (2.10), takes the form
Cρµν =
1
2
∂ lnA
∂φ
(
δρµφν + δ
ρ
νφµ − g˜µν g˜ρσφσ
)
, (2.39)
being a O() quantity, and employing eq. (2.9) one finds φ = A˜φ. Thus, the equation of
motion for φ, eq. (2.30), written in terms of Jordan frame quantities becomes
∇˜2φ = 1
2
∂A
∂φ
ρ˜ , (2.40)
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where we have used eq. (A.4) to relate ρ to ρ˜.
Now we calculate the equation of motion for g˜µν from its Einstein-frame counterpart.
For the metric transformation eq. (2.1) one can show the relation [20]
Rµν = R˜µν − ∇˜ρCρµν − CρµσCσρν + ∇˜µ∇˜ν ln
√
−g˜
−g + C
ρ
µν∇˜ρ ln
√
−g˜
−g , (2.41)
such that, neglecting terms ∼ O(2), eq. (2.32) becomes
R˜µν = 8piG∗A
(
T˜µν − 1
2
gµν T˜
)
− ∂ lnA
∂φ
(
∇˜µ∇˜µφ+ 1
2
g˜µν˜φ
)
, (2.42)
where T˜ is the trace of T˜µν . For the metric in the Newtonian limit, g˜00 = −(1 + Φ˜), g˜ij = δij ,
the time-time component of the above equation becomes
∇2Φ˜ = 4piG∗ A
∣∣∣∣
φ0
1 + 1
16piG∗
(
∂ lnA
∂φ
)2∣∣∣∣∣
φ0
ρ˜ (2.43)
where we have used eq. (2.40). The Newtonian potential is related to ρ˜ via ∇2Φ˜ = 4piG˜ρ˜, so
we identify the effective gravitational constant in Jordan frame:
G˜ = A
∣∣∣∣
φ0
G∗
1 + 1
16piG∗
(
∂ lnA
∂φ
)2∣∣∣∣∣
φ0
 . (2.44)
Hence, the effective gravitational constant is related as G˜ = A∣∣
φ0
G, which is the same
as in the conformal case [8]. As mentioned above, this result was expected since the disformal
term leads to post-Newtonian corrections.
3 Cosmology
In this section, we study several cosmological observables and, for each of them, provide the
correspondence between Jordan-frame and Einstein-frame quantities.
3.1 Redshift
As the first example of cosmological interest, let us examine the redshift, and check whether
it is invariant under disformal metric transformations or not, although the invariance has
already been shown by [19]. The line elements of the Friedmann-Robertson-Walker (FRW)
spacetime in the Jordan frame and Einstein frame are given respectively by
ds˜2 = −dt˜2 + a˜(t˜)2 (dχ2 + sin2K χdΩ2) , (3.1)
ds2 = −dt2 + a(t)2 (dχ2 + sin2K χdΩ2) , (3.2)
where t˜ is the cosmic time, a˜ is the scale factor, and sinK χ = sinχ, χ, sinhχ for an open,
flat, or closed universe, respectively. Since ds˜2 = Ads2 + Bφ˙2dt2, the corresponding cosmic
time and scale factor in Einstein frame are given by
dt˜ =
√
A− Bφ˙2dt = αdt , a˜(t˜) = A1/2a(t) . (3.3)
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First, we calculate the observed redshift in Jordan frame. Consider a light pulse emitted
with a frequency ω˜S by a source, and measured with a frequency ω˜O by an observer. Here
and in what follows, the subscripts S and O refer to quantities measured at the position
of the source and observer, respectively. Then, since photons are minimally coupled to the
metric in Jordan frame, the redshift is given by
1 + z˜ =
ω˜S
ω˜O
=
a˜O
a˜S
. (3.4)
Next, we turn to the redshift in Einstein frame. To do so, one must be careful about
which units are being used to measure the frequency [8]. That is because the observation is
made in the observer’s reference frame, in which the units are, in general, different from those
in the source’s reference frame. In particular, according to eq. (3.3), for the same frequency
ω˜ in Jordan frame, the corresponding frequency in Einstein frame, as measured at a given
position, would be ω1 = α1ω˜, whereas when measured at another, different position, would
result in ω2 = α2ω˜. The relation between these measurements is
ω1
ω2
=
α1
α2
, (3.5)
corresponding to the change in the unit of time from one spacetime point to another. 1
Therefore, the observed redshift in Einstein frame is, more precisely, defined as the ratio
between the frequency at the source, measured in units of the observer’s reference frame, and
the observed frequency. Taking into account the relation eq. (3.5), it reads
1 + z =
αO
αS
ωS
ωO
=
ω˜S
ω˜O
= 1 + z˜ . (3.6)
Thus, the observed redshift is disformal-frame independent [20]. Furthermore, in agreement
with eqs. (3.3) and (3.6), the relation between the redshift and scale factor in Einstein frame
is given by
1 + z =
√AO
AS
aO
aS
. (3.7)
3.2 Redshift drift
The redshift drift (also known as Sandage-Loeb effect [27, 28]) is the change of the redshift
of the source after some time interval. It has been said that the redshift drift can be a direct
probe of the cosmic acceleration [29]. To see this, let us consider light emitted at t˜S and at
t˜S + ∆t˜S from a source and observed at t˜O and at t˜O + ∆t˜O by an observer. The redshift
change is given by
∆z˜ =
a˜(t˜O + ∆t˜O)
a˜(t˜S + ∆t˜S)
− a˜(t˜O)
a˜(t˜S)
'
˙˜a(t˜O)− ˙˜a(t˜S)
a˜(t˜S)
∆t˜O , (3.8)
where a dot denotes the derivative with respect to t˜ and we used the relation ∆t˜O/a˜(t˜O) =
∆t˜S/a˜(t˜S) and assumed the time interval is small in the second equality. Therefore, ∆z˜ >
0(< 0) corresponds to ˙˜a(t˜O) − ˙˜a(t˜S) > 0(< 0), which implies the accelerating (decelerating)
1Using the effective speed of light eq. (2.22), given by cE = α/A1/2, the corresponding relation between
two wavelengths, λ1 and λ2, is λ1/λ2 = A1/22 /A1/21 , which translates to a change in the unit of length.
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universe. The redshift drift is a kinematical relation and make no use of the Friedmann
equation. As such, the detection of a positive sign of ∆z˜ could be a direct proof of the
acceleration of the cosmic expansion.
However, this statement is frame-dependent because, according to eq. (3.3), the scale
factor in Einstein frame involves A. More concretely, ∆z in Einstein frame is given by
∆z = ∆z˜ =
1
A1/2 a(t)∣∣
S
(
1
α
d
dt
[
A1/2 a(t)
]∣∣∣∣
O
− 1
α
d
dt
[
A1/2 a(t)
]∣∣∣∣
S
)
α∆t
∣∣∣∣
O
. (3.9)
Therefore, the sign of ∆z in Einstein frame has no direct connection to the cosmic accelera-
tion.
3.3 Luminosity distance and Hubble’s law
The luminosity distance in Jordan frame d˜L is defined in terms of the source’s (absolute) lumi-
nosity, L˜S , and the observed flux, f˜O, as d˜L =
√
L˜S/4pif˜O. Due to the expansion of the uni-
verse, L˜S is redshifted as L˜O = L˜S(ω˜O/ω˜S)
2, where L˜O is the apparent luminosity measured
by the observer. On the other hand, the observed flux is defined as f˜O = L˜O/4pia˜
2
O sin
2
K χ,
where χ is the comoving distance to the source,
χ =
∫ t˜O
t˜S
dt˜
a˜
=
∫ z˜
0
dz˜
a˜OH˜(z˜)
. (3.10)
As a result, the luminosity distance in Jordan frame takes the usual form
d˜L = a˜O(1 + z˜) sinK χ . (3.11)
Also, by taking the low z˜ limit, we obtain Hubble’s law,
d˜L =
z˜
H˜0
, (3.12)
where H˜0 = H˜(0) is the present Hubble parameter.
Now we calculate the luminosity distance dL in Einstein frame. According to the dis-
cussion regarding the redshift, to define the luminosity distance one should consistently use
the units in the observer’s reference frame. Since the luminosity has units of energy divided
by time, the source’s absolute luminosity, when measured in the observer’s units, becomes
LS(αO/αS)
2. Also, LS is related to the apparent luminosity, at the observer’s position, as
LS = LO(ωS/ωO)
2. Therefore, the luminosity distance in Einstein frame is given by
dL =
√
LS
4pifO
(
αO
αS
)2
= aO(1 + z) sinK χ . (3.13)
Thus, as in the case of the conformal transformation [8], dL differs from d˜L by the conformal
factor: dL = d˜L/A1/2O . Note, however, that, due to the disformal transformation, χ is no
longer determined by the null geodesics in the Einstein frame.
Once again, by taking the low z limit, we obtain the Hubble’s law in Einstein frame,
dL =
z
A1/2O H˜0
≡ z
HE0
, (3.14)
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where HE = A1/2H˜ is the effective Hubble parameter,2
HE = A1/2 1A1/2a
1
α
d
dt
(
A1/2a
)
=
A1/2
α
(
H +
1
2
dA/dt
A
)
, (3.15)
and H = (1/a)(da/dt) is the usual one.
3.4 Horizon problem and inflation
Let us discuss the condition for solving the horizon problem in both frames. Since the
Universe became almost homogeneous right after the decoupling epoch, the horizon problem
can be solved if the distance light travels between two times (say, t˜i and t˜f , with t˜f < t˜dec) is
larger than the current size of the horizon. In comoving coordinates, this condition in Jordan
frame can be expressed as∫ t˜f
t˜i
dt˜
a˜
=
∫ a˜f
a˜i
dln a˜′
1
a˜′H˜(a˜′)
>
1
a˜0H˜0
. (3.16)
From a˜0H˜0 = a0HE0 and eq. (3.3), this condition can be recast into∫ tf
ti
αdt
A1/2 a >
1
a0HE0
. (3.17)
Since the comoving Hubble distance, (a˜H˜)−1, increases with time in the standard Big-
Bang cosmology, it is manifest from eq. (3.16) that, in order to solve the horizon problem,
there must be some period in the past, during which (a˜H˜)−1 decreased, that is,
d
dt˜
(
1
a˜H˜
)
= −
(
da˜
dt˜
)2 d2a˜
dt˜2
< 0 . (3.18)
This condition is exactly the same as that of inflation in the expanding Universe.
In Einstein frame, thanks to the relation a˜H˜ = aHE , this condition can be rewritten as
d
dt
(
1
aHE
)
=
d
dt
(
α
A1/2
1
da
dt + a
d
dt(lnA1/2)
)
< 0 , (3.19)
assuming α > 0. Therefore, as in the case of the redshift drift, the cosmic acceleration does
not have a direct connection to the solution of the horizon problem.
3.5 Angular diameter distance and the distance-duality relation
Now we turn our attention to the angular diameter distance. Consider an object with proper
diameter D˜, subtending an angle θ, as measured by an observer. In Jordan frame, the angular
diameter distance to said object, d˜A, is defined as
d˜A ≡ D˜
θ
= a˜S sinK χ =
1
1+z˜
a˜O sinK χ . (3.20)
2Here we use z to define the effective Hubble parameter as eq. (3.14). If we use the recession velocity v,
we need to multiply z by the effective speed of light cE = α/A1/2 so that v = cEz = αH˜dL, and the effective
Hubble parameter is then αH˜.
– 10 –
As a result of the conservation of the number of photons [30], the angular diameter distance
is related to luminosity distance, eq. (3.11), through the so-called distance-duality relation,
d˜L = (1 + z˜)
2d˜A.
On the other hand, the proper diameter D in Einstein frame, in units of the observer’s
position, becomes D
√AS/AO, where the factor √AS/AO comes from the change in the
unit of length from the source’s reference frame to the observer’s reference frame. Hence, the
angular diameter distance in Einstein frame is given by
dA =
√AS
AO
D
θ
=
√AS
AO aS sinK χ =
aO
1 + z
sinK χ , (3.21)
where we have used eq. (3.7) to replace the scale factor aS in favor of the redshift. Once
again, as in the case of the luminosity distance, dA differs from d˜A by the conformal fac-
tor, dA = d˜A/A1/2O , such that the distance-duality relation dL = (1 + z)2dA still holds.3
This stems from the fact that the electromagnetic gauge 1-form is invariant under disformal
transformation [19], and hence, the (modified) flux conservation law for photons still holds
true in the Einstein frame. In the following subsection, we investigate the distance-duality
relation in general spacetimes and show its frame-invariance.
3.6 Reciprocity relation and distance-duality relation in general spacetimes
We can derive the distance-duality relation, the relation between the luminosity distance and
the angular diameter distance, in general spacetime in the Einstein frame following [30, 32].
We first derive the (modified) reciprocity relation, the relation between two geometrical
distances [30]. Before doing that, in order to introduce the notation, we first explain the
reciprocity relation in Jordan frame.
3.6.1 Reciprocity relation in Jordan frame
In Jordan frame the second leading order of eq. (2.14) gives
∇˜µ(C2k˜µ) = 0 , (3.22)
where C2 = g˜µνCµCν . Consider a null geodesics congruence diverging from a source with
cross-sectional area dS˜ perpendicular to the propagation vector kµ. Then the rate of change
of dS˜ along the null geodesics is determined by [24]
k˜µ∇˜µdS˜ = dS˜∇˜µk˜µ . (3.23)
Therefore, from eq. (3.22) and eq. (3.23),
C2dS˜ = constant (3.24)
along the geodesics. We note that the gauge condition eq. (2.15) implies g˜µνCµkν = 0 which
ensures that Cµ is spacelike.
3 This result seems to be different from the one in ref. [31]. The difference comes from the definition of
the redshift in Einstein frame, which in [31] is done without the unit conversion factor given in eq. (3.6), and
hence, is not frame-independent quantity. When the unit conversion is taken into account, the result from [31]
agrees with ours.
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The energy-momentum tensor of light rays constructed out of the action eq. (2.13) under
the geometric optics approximation is given by
T˜µν = C2k˜µk˜ν . (3.25)
Then the energy flux measured in the rest frame of an observer with four-velocity u˜µ is [30, 32]
f˜µ = −h˜µν T˜νρu˜ρ = f˜ n˜µ , (3.26)
where the vector n˜µ is the unit vector in the spatial direction of the propagation vector seen
on the rest frame of the observer projected by h˜µν and f˜ is the observed flux that are given
by
h˜µν = g˜µν + u˜µu˜ν , (3.27a)
k˜µ = (−u˜ν k˜ν)(u˜µ + n˜µ) = ω˜(u˜µ + n˜µ) , (3.27b)
f˜ = C2ω˜2 . (3.27c)
Since the energy density measured by the observer is T˜µν u˜
µu˜ν = C2ω˜2, eq. (3.22) and
hence eq. (3.24) implies the conservation of the number of photons along the bundle of light
rays.
The luminosity of the source L˜S is determined through the flux f˜S measured on a small
sphere around the source in the source rest frame with the radius ∆r˜ as
L˜S = 4pi∆r˜
2f˜S = 4pi∆r˜
2C2Sω˜
2
S . (3.28)
The luminosity distance d˜L is defined by d˜L =
√
L˜S/4pif˜O.
Let us consider the situation where we observe the flux from the source along some
bundle of geodesics which subtends a solid angle dΩS at the source and has cross-sectional
area dS˜S at the observer. We define the source area distance r˜S by [30]
dS˜S = r˜
2
SdΩS . (3.29)
Note that r˜S is not an observable because dΩS at the source cannot be measured. However,
r˜S is related to the luminosity distance d˜L. From the photon number conservation eq. (3.24),
we have C2S∆r˜
2dΩS = C
2
OdS˜S . Then
d˜2L =
L˜S
4pif˜O
=
C2S
C2O
ω˜2S
ω˜2O
∆r˜2 = (1 + z)2
dS˜S
dΩS
= (1 + z)2r˜2S . (3.30)
Next consider the situation where we measure the solid angle dΩO subtended by some
objects whose cross-sectional area is dS˜O. Then, we define the observer area distance r˜O
by [30]
dS˜O = r˜
2
OdΩO . (3.31)
From this definition, it is clear that r˜O is nothing but the angular diameter distance d˜A. The
relation between r˜S and r˜O is known as the reciprocity relation, which is written as
r˜S = (1 + z)r˜O . (3.32)
The reciprocity relation is derived from the null geodesics deviation equation [30, 32]. The
relation between d˜L and d˜A is sometimes called as the distance-duality relation, which is
written using eq. (3.30) as
d˜L = (1 + z)
2d˜A . (3.33)
The relation is a consequence of the photon number conservation.
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3.6.2 Reciprocity relation in Einstein frame
In the Einstein frame, we work in the uniform φ gauge in which φ = φ(t). Hereafter, in this
subsection, we assume g0i = 0, which is equivalent to g00 = 1/g00, for simplicity. Then 2X =
−gµνφµφν = (φµuµ)2 for a comoving observer, such that α =
√A− B(φµuµ)2 = √A− 2BX.
Moreover, we assume φ(t) varies slowly compared with the phase S in the geometric optics
approximation and only consider the terms up to the first order in X.
Firstly, since the disformal transformation amounts to the change of units of time and
length as dt˜ = αdt, dx˜ = A1/2dx, eq. (3.24) now becomes
C2EdS = constant , (3.34)
where C2E = g
µνCµCν = AC2 and dS = A−1dS˜. From eq. (A.4), the energy-momentum
tensor of light rays in the Einstein frame under the geometric optics approximation up to the
first order in X is
Tµν = αA1/2
[
T˜µν − B
(
φµφαT˜
α
ν + φνφαT˜
α
µ
)]
=
α
A1/2C
2
E
[
kµkν − B(kαφ
α)
α2
(φµkν + φνkµ)
]
. (3.35)
Thus, the measured energy flux corresponding to eq. (3.26) becomes
fµ = −hµνTνρuρ = fnµ , (3.36)
where nµ is the unit vector in the spatial direction of the propagation vector seen on the rest
frame of the observer and f is the observed flux that are given by
hµν = gµν + uµuν , (3.37a)
kµ = (−uνkν)
(
uµ +
A1/2
α
nµ
)
= ω
(
uµ +
A1/2
α
nµ
)
, (3.37b)
f =
A
α2
C2Eω
2 . (3.37c)
However, care must be taken in defining the luminosity of the source LS from the measured
flux because the photon number is no longer conserved in the Einstein frame. This is seen from
eq. (3.22) which implies the existence of the conserved current C2k˜µ and the photon number
density C2ω˜ in Jordan frame. On the other hand, eq. (3.22) implies that the conserved
current in the Einstein frame is
α
A1/2C
2
E
(
kµ − B(kαφ
α)
α2
φµ
)
, (3.38)
and the density measured by the observer is (A1/2/α)C2Eω and the spatial volume integral of
it is conserved. This should be contrasted with the energy density measured by the observer
which is given by, up to in the first order in X,
Tµνu
µuν =
A3/2
α3
C2Eω
2 . (3.39)
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Therefore, a bare number density (A3/2/α3)C2Eω = (A/α2)×(A1/2/α)C2Eω is not a conserved
quantity and we need to use the “modified number density” (A1/2/α)C2Eω and hence the
modified flux fE , given by
fE = (α
2/A)f = C2Eω2 , (3.40)
to relate the measured flux to the source’s luminosity. From eq. (3.34), this fE obeys the
flux conservation law: fE ∝ dS−1. Thus, we define the source’s luminosity LS through the
modified flux fES measured on a small sphere around the source with the radius ∆r as
LS = 4pi∆r
2fES = 4pi∆r
2C2ESω
2
S . (3.41)
In terms of the source’s luminosity LS measured in the observer’s unit, the luminosity distance
dL is defined as dL =
√
LS(αO/αS)2/4pifEO.
We define the source area distance rS and the observer area distance rO by
dSS = r
2
SdΩS , (3.42)
dSO = r
2
OdΩO, (3.43)
where dSS is the cross-sectional area at the observer of the flux from the source and dSO is
the cross-sectional area of source object.
The relation between rS and dL is found as follows: from eq. (3.34), one can show that
C2ES∆r
2dΩS = C
2
EOdSS . Then, using eq. (3.6),
d2L =
LS(αO/αS)
2
4pifEO
=
C2ES
C2EO
ω2S
ω2O
α2O
α2S
∆r2 = (1 + z)2
dSS
dΩS
= (1 + z)2r2S . (3.44)
However,since the source’s area dSO measured by the observer’s unit is dSO(AS/AO), the
angular diameter distance dA is related to rO as
d2A =
dSO(AS/AO)
dΩO
= r2O
AS
AO . (3.45)
Next, following [30], we show that the following reciprocity relation in the Einstein frame
corresponding to eq. (3.32) holds although the geodesics deviation equation is modified :
rS = (1 + z)rO
(AS
AO
)1/2
. (3.46)
Let a bundle of light rays diverging from S with the solid angle dΩS have tangent vector k
µ,
and let a bundle of light rays converging to O with the solid angle dΩO have tangent vector
k′µ, where OS is a geodesics common to both bundles so that v = v′ and kµ = k′µ on OS
(see figure 1). Let v, v′ be affine parameters and ηµ, η′µ be the Jacobi vectors for kµ, k′µ,
respectively. Then, kµ = ∂xµ/∂v and from eq. (2.20)
Dkµ
Dv
= kν∇νkµ = 1
2
∇µ
(
B(φµkµ)2
A− 2BX
)
≡ ∇µK , (3.47a)
Dηµ
Dv
= kν∇νηµ = ην∇νkµ , (3.47b)
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Figure 1. Schematic picture of congruences of photons expanding from a source S and converging
to an observer O, with a common geodesic SO.
and similar equations for primed variables. From eq. (3.47), we can derive a modified
geodesics deviation equation
D2ηµ
Dv2
= kρ∇ρ(kν∇νηµ) = −Rµνρσkνηρkσ + ην∇ν∇µK, (3.48)
and similarly for primed variables. Then along OS we have
η′µ
d2ηµ
dv2
− ηµd
2η′µ
dv2
= 0, (3.49)
which implies
η′µ
dηµ
dv
− ηµdη
′
µ
dv
= 0 (3.50)
along OS. Since ηµ = 0 at S and η′µ = 0 at O, this gives
η′µ
dηµ
dv
∣∣∣∣∣
S
= −ηµdη
′
µ
dv
∣∣∣∣∣
O
. (3.51)
We assume that ηµ is orthogonal to the observer’s four-velocity at O and η′µ is orthogonal to
the source’s four-velocity at S. Then as given in eq. (3.37c), kµ and k′µ is decomposed into
the temporal direction and the spatial direction in the rest frame of observer’s four-velocity:
kµ = ω(uµ+ (A1/2/α)nµ). Thus an infinitesimal affine distance dv corresponds to the proper
distance d` as
|d`| = ωA
1/2
α
|dv|. (3.52)
We choose a pair of Jacobi fields ηµ1 , η
µ
2 such that
dηµ1
dv
dη2µ
dv
∣∣∣∣∣
S
= ηµ1 η2µ
∣∣∣∣∣
O
= 0. (3.53)
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This suggests we may take η′1
µ|S ∝ ηµ1 |S and η′2µ|S ∝ ηµ2 |S . So, we choose a pair of Jacobi
fields η′µ1 , η
′µ
2 determined by the condition
η′1
µdη2µ
dv
∣∣∣∣∣
S
= η′2
µdη1µ
dv
∣∣∣∣∣
S
= 0. (3.54)
Then from eq. (3.51), we have
ηµ1
dη′2µ
dv
∣∣∣∣∣
O
= ηµ2
dη′1µ
dv
∣∣∣∣∣
O
= 0. (3.55)
Hence, we have
η′1
µ
η′2µ
∣∣∣∣∣
S
=
dη′µ1
dv
dη′2µ
dv
∣∣∣∣∣
O
= 0. (3.56)
With this choice of Jacobi vectors,
dSS = η1η2|O, dSO = η′1η′2|S , dΩS =
dη1
d`
dη2
d`
∣∣∣∣∣
S
, dΩO =
dη′1
d`
dη′2
d`
∣∣∣∣∣
O
, (3.57)
where η1, η
′
1 are the norms of η
µ
1 , η
′
1
µ. On the other hand, from eq. (3.51), we have
η1η2
dη′1
dv
dη′2
dv
∣∣∣∣∣
O
= η′1η
′
2
dη1
dv
dη2
dv
∣∣∣∣∣
S
. (3.58)
Therefore, using eq. (3.52) and eq. (3.6), we finally obtain
dSSdΩOω˜
2
OAO = dSOdΩSω˜2SAS . (3.59)
In terms of the area distances rS and rO, this gives eq. (3.46) : rS = (1 + z)rO(AS/AO)1/2.
Since rS is not a measurable quantity, this modification has no observable effect. However,
in terms of observable distances dL and dA using eq. (3.44) and eq. (3.45), we find the
distance-duality relation
dL = (1 + z)
2dA. (3.60)
Therefore, the distance-duality relation is invariant under the disformal transformation al-
though the reciprocity relation is modified.
4 Perturbed observables
4.1 Photon distribution function
We consider observable quantities related to cosmic microwave background. Firstly, we study
the frame-dependence of the photon distribution function.
First of all, we note that in the geometric optics approximation, the photon four-
momentum pµ, conjugate to the comoving coordinate x
µ, is defined as pµ = ~kµ, where
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kµ = ∂µS is the propagation vector, invariant under disformal transformations. Therefore,
the phase-space volume element dx1dx2dx3dp1dp2dp3 = d
3xd3p is frame-invariant.
Moreover, in the geometric optic approximation, from eq. (A.4), the relationship be-
tween the Einstein frame and Jordan frame energy-momentum tensor is given by
Tµν = αA5/2T˜µν , (4.1)
The energy-momentum tensor can be written as integrals over phase space and is, respec-
tively, given by
Tµν =
2
(2pi)3
∫
d3p√−gp0 p
µpνf , T˜µν =
2
(2pi)3
∫
d3p√
−g˜p˜0 p˜
µp˜ν f˜ , (4.2)
where pµ = dxµ/dλ and p˜µ = dxµ/dλ˜. Hence, the relation between Jordan frame and the
Einstein frame distribution function is given by [33]
f˜ =
1
A
dλ˜
dλ
f. (4.3)
From the relation of the measured frequency, ω˜ = −k˜µu˜µ = ω/α = (−kµuµ)/α, we find
dλ˜ = α2dλ. Therefore, we have
f˜ =
α2
A f. (4.4)
Hence, the number of photons in the phase space in Jordan frame dN˜ = f˜d3xd3p is related
to that in the Einstein frame dN = fd3xd3p by dN˜ = (α2/A)dN . This factor α2/A is
consistent with the difference of the number density of photons between Jordan frame and
the Einstein frame discussed in subsection 3.6.
In Jordan frame, the rate of change of the distribution function along the photon world-
line is given by the Boltzmann equation,
Df˜
Dλ˜
=
dxµ
dλ˜
∂f˜
∂xµ
+
dpµ
dλ˜
∂f˜
∂pµ
= C˜[f˜ ] , (4.5)
where C˜ is the collision term.
In the case of the conformal transformation, since the electromagnetic Lagrangian,
eq. (2.13), is conformal-invariant, the Boltzmann equation is also invariant under confor-
mal transformations [8]. On the other hand, in the case of the disformal transformation, the
distribution function is no longer invariant and considering eq. (4.4), the Boltzmann equation
is modified,
Df
Dλ
=
dxµ
dλ
∂f
∂xµ
+
dpµ
dλ
∂f
∂pµ
= AC˜[(α2/A)f ]− A
α2
(
D
Dλ
(
α2
A
))
f. (4.6)
It is to be noted that this does not immediately imply that the spectrum of the temperature
anisotropies are frame-dependent. The detailed studies of the temperature anisotropies are
left for future work.
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4.2 Specific flux and specific intensity
Next, we study the specific flux and specific intensity of CMB photons.
Let us start with Jordan frame, in which the discussion follows closely the standard
general relativity case [30, 34]. The flux measured in frequencies between ω˜ and ω˜ + dω˜ is
given by
f˜ωdω˜ =
L˜S
4pi
1
r˜2S(1 + z)
I˜[(1 + z)ω˜]dω˜, (4.7)
where f˜ω is the specific flux and ω˜ is the observed frequency and we drop the subscript O to
simplify the notation. The function I˜(ω˜) represents the source spectrum, such that L˜S I˜dω˜ is
the source’s rate of emission in the frequency range (ω˜, ω˜+ dω˜). Note that ω˜ is the observed
frequency, corresponding to a frequency (1+z)ω˜ at emission. Then, the specific intensity I˜ω,
the flux measured in a solid angle dΩO can be written as
I˜ωdω˜ =
f˜ωdω˜
dΩO
=
L˜S
4pidS˜O
(
r˜O
r˜S
)2 I˜[(1 + z)ω˜]dω˜
(1 + z)
= I˜S
I˜[(1 + z)ω˜]dω˜
(1 + z)3
, (4.8)
where I˜S = L˜S/4pidS˜O is the surface brightness an intrinsic property of the source), and we
have used the definition of observer area distance eq. (3.31) in the second equality and used
the reciprocity relation eq. (3.32) in the third equality. We see that the observed specific
intensity does not depend on the area distance of the source.
Now let us consider a source emitting black-body radiation, such as the CMB spectrum,
I˜S I˜(ω˜S) = ω˜3SF˜
(
ω˜S
T˜S
)
, F˜
(
ω˜
T˜
)
=
4pi~
c2
1
e~ω˜/kT˜ − 1
, (4.9)
where F˜ (ω˜/T˜ ) is the Planck function for black-body radiation with temperature T˜ and we
have restored ~ and c. Then, eqs. (4.8) and (3.31) lead to
I˜ω = ω˜
3F˜
(
ω˜
T˜ (z)
)
(4.10)
where T˜ (z) = T˜S/(1 + z) is the observed temperature, redshifted due to the expansion of the
universe, and the measured intensity does not deviate from the black-body spectrum.
In Einstein frame, from eq. (3.44), the observed specific flux, calculated from the con-
served flux fE , is given by
fωdω =
αO
αS
LS
4pi
1
r2S(1 + z)
I
[
αS
αO
(1 + z)ω
]
dω , (4.11)
and, accordingly, the specific intensity, Iωdω = fωdω/dΩO, becomes
Iωdω =
αOAO
αSAS
1
(1 + z)3
ISI
[
αS
αO
(1 + z)ω
]
dω , (4.12)
where IS = LS/4pidSO is the surface brightness and we have used the definition of observer
area distance in Einstein frame, eq. (3.31), and the reciprocity relation, eq. (3.46). Once
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again, we consider the emission by a black-body source. Considering eq. (4.4), the source
intensity is given by
ISI(ωS) = ω3SFE
(
ωS
TS
)
, FE
(ω
T
)
=
4pi~
c2E
1
e~ω/kT − 1 , (4.13)
where c2E = α
2/A is the effective speed of light squared, eq. (2.22). By taking into account
the difference between cE at the source and that at the observer, the measured intensity Iω
is given by
Iω = ω
3FE
(
ω
T (z)
)
, (4.14)
where, we have defined the observed temperature
T (z) =
αO
αS
TS
(1 + z)
(4.15)
which takes into account both the expansion of the universe and the change of units from
the source’s reference frame to the observer frame, in accord with eq. (3.6). We conclude
that Iω is given by the spectrum of black-body radiation with the temperature T (z) and
consequently there is no spectral distortion.
4.3 Adiabaticity condition and non-adiabatic pressure perturbations
Let us now consider adiabaticity condition and non-adiabatic pressure perturbations. We
first derive the adiabaticity condition for a generic disformal transformation, and later, by
choosing the functions A and B, we discuss the particular cases.
The pressure perturbation of matter fields δP˜ can be split into two parts [35–37],
δP˜ = c˜2sδρ˜+
dP˜
dt˜
Γ˜ , (4.16)
where the first term, proportional to the perturbation of the energy density δρ˜, corresponds
to the adiabatic part, and the second to the entropic (non-adiabatic) one. t˜ is the cosmic
time in the Jordan frame defined in eq. (3.3). The sound speed, c˜2s, is defined as
c˜2s =
dP˜ /dt˜
dρ˜/dt˜
, (4.17)
whereas Γ˜ is the gauge-invariant non-adiabatic pressure perturbation, which measures the
displacement between hypersurfaces of uniform (adiabatic) pressure and uniform energy den-
sity. In terms of the Einstein frame quantities, δρ and c2s are similarly defined using the
corresponding variables without the tilde mark:
δP = c2sδρ+
dP
dt
Γ , (4.18)
c2s =
dP/dt
dρ/dt
. (4.19)
Before computing the relation between the entropy perturbations Γ˜ and Γ, let us further
discuss the relationships between the energy densities and pressures in Einstein and Jordan
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frames (see also appendix A). To get the components of the energy-momentum tensor, we
must first split Tµν , as measured by an observer with four-velocity u
µ, into parts parallel and
orthogonal to uµ,
Tµν = ρuµuν + qµuν + qνuµ + Phµν + piµν , (4.20)
where, its 10 components are
ρ = Tµνu
µuν , (4.21)
P =
1
3
hµνTµν , (4.22)
qµ = −hνµTνρuρ , (4.23)
piµν = h
ρ
µh
σ
νTρσ − 1
3
hρσTρσhµν , (4.24)
the energy density, pressure, momentum density and anisotropic stress tensor, respectively,
and
hµν = gµν + uµuν (4.25)
is the spatial metric relative to the observer. The decomposition of T˜µν is done in a similar
way, with respect to tilted variables. Moreover, to determine the relationship between the
respective Jordan-frame and Einstein-frame components, we need the relation between the
four-velocities of the observers in each frame, namely, u˜µ = uµ/α as defined in eq. (2.8),
where α =
√A− B(φµuµ)2.
Since we are interested in cosmological applications, we consider linear perturbations
around a homogeneous and isotropic background in both frames such that qµ, piµν , q˜µ, and
p˜iµν are first-order quantities. Furthermore, we take the observers to be comoving, that is,
ui = u˜i = 0, so at linear order (φµu
µ)2 = 2X.
The energy density and pressure measured in Jordan frame are then related to the ones
in Einstein frame as
ρ˜ = ξ1ρ+ ξ2P , (4.26)
P˜ =
P
αA3/2 , (4.27)
where, for convenience, we have defined the functions
ξ1 =
(1− 2BX/A)1/2
A (A−A,XX + 2B,XX2) , (4.28)
ξ2 = − 3 (1− 2BX/A)
1/2A,XX
A2 (A−A,XX + 2B,XX2) . (4.29)
We once again point out that the above equations are valid up to linear order. Note that, if
we allow the function A to depend on X, the energy density in Jordan frame will explicitly
depend, not only on the Einstein-frame ρ, but also on its pressure P . This is a reflex
of the fact that if A = A(X), the metric transformation, eq. (2.1), is non-linear in gµν ,
since X carries a hidden metric contraction. The relation between the energy density and
pressure perturbation in Jordan and Einstein frames can be readily computed from eqs. (4.26)
and (4.27),
δρ˜ = ξ¯1δρ+ ρ¯δξ1 + ξ¯2δP + P¯ δξ2 , (4.30)
δP˜ =
P¯
α¯A¯3/2
(
δP
P¯
− δα
α¯
− 3
2
δA
A¯
)
, (4.31)
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where we explicitly discriminate with bars the background quantities. In what follows, we
drop this notation. Also, note that since δA, δα, δξ1, and δξ2 depend on X, the perturbations
δρ˜ and δP˜ implicitly include the scalar perturbations to gµν , the Einstein frame metric.
Now, we turn our attention to the non-adiabatic pressure perturbations. First, we
rewrite eq. (4.16) as
Γ˜ =
δP˜
dP˜ /dt˜
− δρ˜
dρ˜/dt˜
. (4.32)
Using the equations that describe the transformations of δρ˜ and δP˜ , eqs. (4.30) and (4.31),
respectively, along with the derivatives with respect to the time t˜ of the energy density,
eq. (4.26), and pressure, eq. (4.27), the expression above can be recast as
d ln P˜
dt˜
Γ˜ =
(
1− wc˜
2
s
w˜
ρ
ρ˜
ξ2
)
c2s
w
d ln ρ
dt
Γ
+
[
c2s
w
− c˜
2
s
w˜
ρ
ρ˜
(
ξ1 + ξ2c
2
s
)] δρ
ρ
− c˜
2
s
w˜
ρ
ρ˜
(δξ1 + wδξ2)− δα
α
− 3
2
δA
A , (4.33)
where, using the definitions of the sound speeds on Jordan and Einstein frames, eqs. (4.17)
and (4.19), respectively, one can show that
c˜2s
w˜ρ˜
=
1
ρ
(
c2s
w
ρ˙
ρ − α˙α − 32 A˙A
)
[
ξ1
(
ρ˙
ρ +
ξ˙1
ξ1
)
+ wξ2
(
c2s
w
ρ˙
ρ +
ξ˙2
ξ2
)] . (4.34)
In the equation above, the dots over Einstein frame quantities on the right-hand side denote
the derivative with respect to the time t. Now, suppose that the adiabaticity condition, that
is, Γ˜ = 0, holds in Jordan frame. Then, according to eq. (4.33), it will also hold in Einstein
frame (Γ = 0) if[
c2s
w
− c˜
2
s
w˜
ρ
ρ˜
(
ξ1 + ξ2c
2
s
)] δρ
ρ
=
c˜2s
w˜
ρ
ρ˜
(δξ1 + wδξ2) +
δα
α
+
3
2
δA
A . (4.35)
This expression represents the adiabaticity condition for a generic disformal transformation
with A(φ,X) and B(φ,X).
In what follows, we make a simplification, assuming both A and B depend only on
the scalar field, A = A(φ) and B = B(φ), and not on the kinetic term X. With this
assumption, the energy density in Jordan frame, eq. (4.26), will depend on ρ, without any
explicit dependence on the Einstein frame pressure P , and ξ1 = αA−5/2. In this case,
eq. (4.35) becomes[(
1 +
c2s
w
)
α˙
α
+
(
3
2
− 5
2
c2s
w
)A˙
A
]
δρ
ρ
=
[(
1 +
c2s
w
)
ρ˙
ρ
− 4A˙A
]
δα
α
+
[(
3
2
− 5
2
c2s
w
)
ρ˙
ρ
+ 4
α˙
α
]
δA
A . (4.36)
To proceed with the discussion, we identify two particular cases in which we fix either A or
B.
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Conformal case: for a conformal transformation A = A(φ) and B = 0, such that α2 = A,
the condition eq. (4.36) translates into(
1− c
2
s
w
)(
α˙
α
δρ
ρ
− ρ˙
ρ
δα
α
)
= 0 . (4.37)
This equation has two solutions [8],
c2s = w , or
δρ
ρ˙
=
δα
α˙
=
δφ
φ˙
, (4.38)
the first corresponding to w = constant, whereas the second, to the situation in which the
entropy perturbation between the matter field and the scalar field φ vanishes.
Purely disformal case: on the other hand, for a pure disformal transformation A = 1
and B = B(φ,X), one finds α2 = 1− 2BX, as well as ξ1 = α/(1 + 2B,XX2) and ξ2 = 0, along
with the adiabaticity condition(
α˙
α
+
c2s
w
ξ˙1
ξ1
)
δρ
ρ
=
(
ρ˙
ρ
+
ξ˙1
ξ1
)
δα
α
+
(
c2s
w
ρ˙
ρ
− α˙
α
)
δξ1
ξ1
, (4.39)
where
ξ˙1
ξ1
=
α˙
α
−2d(B,XX
2)/dt
1 + B,XX2 . (4.40)
For A = 1 and B = B(φ), this adiabaticity condition reduces to(
1 +
c2s
w
)(
α˙
α
δρ
ρ
− ρ˙
ρ
δα
α
)
= 0 , (4.41)
which, similarly to the conformal case, also translates into two possibilities:
c2s = −w , or
δρ
ρ˙
=
δα
α˙
=
B,φXδφ+ BδX
B,φXφ˙+ BX˙
. (4.42)
The first possibility, c2s = dp/dρ = −w = −p/ρ, corresponds to the equation of state P ∝ ρ−1,
which characterizes the Chapligyn gas [38]. According to eqs. (4.26) and (4.27), for A = 1
and B = B(φ), one has ξ1 = α and ξ2 = 0, which leads to the invariance of the quantity
ρ˜P˜ = ρP under disformal transformations. Therefore, a Chaplygin gas in Jordan frame still
behaves as a Chaplygin gas in Einstein frame, such that the adiabaticity condition is not
violated. On the other hand, the second possibility, when compared to the conformal case,
now also has a X dependence coming from the disformal part. To ensure that the entropy
perturbation between matter and the scalar field vanishes, one must also take into account
the perturbations to the metric, hidden inside δX.
In conclusion, the notion of adiabaticity is generally not invariant under disformal trans-
formations.
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4.3.1 Comments on curvature perturbations
In ref. [8], it was shown that the uniform-density curvature perturbation ζ˜ is conformally
invariant when the adiabaticity condition eq. (4.38) is satisfied (in the case of constant equa-
tion of state, w has to be 1/3). In Jordan frame, the conservation of energy and momentum
leads to the conservation of the uniform-density curvature perturbation on super-horizon
scales when the non-adiabatic pressure perturbation Γ is negligible [37] However, since the
matter energy-momentum tensor in the Einstein frame is not conserved, the condition Γ = 0
by itself does imply the conservation of ζ on large scales. Despite that, since Γ˜ = 0 leads
to the conservation of ζ˜ on super-horizon scales, the adiabaticity condition ensures that ζ is
also conserved on large enough scales. This relation between the adiabaticity and invariance
of the uniform-density curvature perturbation cannot be easily extended to the disformal
case, not even in the simple case A = 1, B = B(φ), illustrated in eq. (4.42) (the connection
between the adiabaticity condition and invariance of curvature perturbations relies on the
behavior of δA). In fact, in ref. [16], it was explicitly shown that Γ = 0 does not lead to the
conservation of ζ on super-horizon scales for a disformal transformation with A = A(φ) and
B = B(φ).
In the absence of matter (T˜µνM = T
µν
M = 0), the comoving curvature perturbation R˜ is,
not only conformally invariant [39–41], but also disformally invariant under the transforma-
tion g˜µν = A(φ)gµν+B(φ)φµφν [16]. On the other hand, for general disformal transformations
of the type A(φ,X), B(φ,X), that is no longer the case, and the difference between the co-
moving curvature perturbation in each frame can be written in terms of the perturbation of
a scalar field [17]. However, it can be shown that this quantity vanishes on super-horizon
scales at least in the framework of the Horndeski theory such that the difference R˜ −R also
vanishes [17].
5 Summary
In this work, we discussed the frame dependence and independence of cosmological ob-
servables under disformal transformations and provided the correspondence between several
quantities in Jordan and Einstein frames.
We have derived the correspondence between the geodesic equations for a test particle
and photons, as well as the effective gravitational constant. We have found that the modifica-
tion of the effective gravitational constant is the same as in the conformal case. We have also
derived the geodesic equation in Einstein frame under the geometric optics approximation
and have found that the tangent vector of the geodesics is no longer null.
We also investigated the redshift, the luminosity and angular diameter distances, and
the observed specific intensity, finding that the redshift and the distance-duality relation are
frame-independent and that the cosmic microwave background with initially Planck spectrum
remains a Planck spectrum at the point of observation. In particular, we proved that, under
the geometric optics approximation, the distance-duality relation holds for general spacetime
geometries, even though the reciprocity relation is modified.
Generally speaking, dimensionful quantities (such as the Hubble parameter, the grav-
itational constant, and the distances) are frame-dependent as in the case of the conformal
transformation. Notably, the relation between the redshift drift and the acceleration of the
universe is frame-dependent, which is also the case for the solution to the horizon problem.
Moreover, unlike the case of conformal transformations, the distribution function of photons
is frame-dependent which stems from the fact that the photon number is no longer conserved.
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It would be interesting to study the temperature anisotropies in both Einstein and Jordan
frames.
We have also investigated the adiabaticity conditions and non-adiabatic pressure per-
turbations, extending the discussions presented in ref. [16] to a more generic case, and found
that, in general, the adiabaticity condition is not invariant under disformal transformations.
In this paper, we confine ourselves to classical theory. It would be interesting to extend
our arguments to quantum theory as done in refs. [12–14] for the conformal case.
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A Energy-momentum tensor
In this appendix, we derive some relations regarding the matter energy-momentum tensor.
The energy-momentum tensor in Jordan frame, given by
T˜µν =
2√
−g˜
δSM
δg˜µν
, (A.1)
is covariantly conserved since matter is minimally coupled to Jordan frame metric g˜µν , that
is,
∇˜µT˜µν = 0 . (A.2)
Furthermore, the energy-momentum tensor in the Einstein frame, Tµν , is related to T˜µν as
Tµν =
2√−g
δSM
δgµν
=
√
−g˜
−g
δg˜αβ
δgµν
T˜αβ , (A.3)
and hence, it is not covariantly conserved: ∇µTµν 6= 0. Using eq. (2.1) and eq. (2.4) we can
now write down the relation between the energy-momentum tensors in the two frames :
Tµν = A3/2 (A− 2BX)1/2
[
AT˜µν + 1
2
T˜αβ(A,Xgαβ + B,Xφαφβ)φµφν
]
, (A.4)
which coincides with the result obtained in [21] for a simpler case of A = A(φ),B = B(φ).
Written in another form, separating Jordan-frame and Einstein-frame variables,
T˜µν = A−5/2(A− 2BX)−1/2
[
Tµν − A,Xgαβ + B,Xφαφβ
2(A−A,XX + 2B,XX2)T
αβφµφν
]
. (A.5)
Let us now assume that matter in Jordan frame can be described by a perfect fluid, with
the energy-momentum tensor, as measured by an observer with four-velocity u˜µ = dxµ/dτ˜ ,
being given by
T˜µν = (ρ˜+ P˜ )u˜µu˜ν + P˜ g˜µν . (A.6)
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The four-velocities in Jordan and Einstein frame are related as
u˜µ =
dxµ
dτ˜
= uµ
dτ
dτ˜
, (A.7)
such that, from eq. (A.4), the energy-momentum tensor in the Einstein frame can be ex-
pressed as
Tµν = A3/2(A− 2BX)1/2
[
A
(
dτ
dτ˜
)2(
ρ˜+ P˜
)
uµuν + P˜ gµν
+
{
P˜
A− 2BX
[
(2A− 3BX)A,X
A
− B − B,XX
]
(A.8)
− 1
2
(
dτ
dτ˜
)2(
ρ˜+ P˜
)[
A,X − B,X
(
dφ
dτ
)2]}
φµφν
]
.
From this equation, one can easily see that Tµν does not necessarily take the form of a
perfect fluid: it does so only when uµ ∝ φµ, , such as is the case of a homogeneous and
isotropic universe.
Now, assume an FLRW metric in Einstein frame. The Jordan-frame metric is obtained
by applying the disformal transformation,
ds˜2 = g˜µνdx
µdxν
= (Agµν + Bφµφν)dxµdxν
= −(A− 2BX)dt2 +Aa2(t)γijdxidxj , (A.9)
where γij is the spatially homogeneous and isotropic metric. It should be noticed that
X = φ˙(t)2/2, A = A(φ(t), X(t)), and B = B(φ(t), X(t)) represent the background values.
Since the Einstein-frame metric is an FLRW one, the four-velocity of a comoving observer
in the Einstein frame is uµ ≡ (1, 0¯). Therefore the four-velocity of the comoving observer in
Jordan frame is
u˜µ =
uµ
(A− 2BX)1/2 =
1
(A− 2BX)1/2 (1, 0¯) , (A.10)
and the components of the energy-momentum tensor in Jordan frame become
T˜ 00 =
ρ˜
A− 2BX , T˜
0i = T˜ i0 = 0 , T˜ ij =
P˜
Aa2
γij . (A.11)
Using eq. (A.4), we can calculate the components of the energy-momentum tensor in the
Einstein frame. We find that the energy-momentum tensor remains diagonal in the Einstein
frame and the energy density and the pressure of the perfect fluid in the Einstein frame are
given by
ρ =
A1/2
(A− 2BX)1/2
[
A(A−A,XX + 2B,XX2)ρ˜+ 3(A− 2BX)A,XXP˜
]
, (A.12)
P = A3/2(A− 2BX)1/2P˜ . (A.13)
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Solving these relations inversely, we obtain
ρ˜ =
(A− 2BX)1/2
A5/2(A−A,XX + 2B,XX2)
(Aρ− 3A,XXP ) , (A.14)
P˜ =
P
A3/2(A− 2BX)1/2 . (A.15)
If the perfect fluid is barotropic, then it’s equation of state parameter w˜ = P˜ /ρ˜ in Jordan
frame and w = P/ρ in the Einstein frame are related as
w =
(A− 2BX)w˜
A− (1− 3w˜)A,XX + 2B,XX2 − 6w˜A,XBX2/A . (A.16)
For a generic conformal transformation g˜µν = A(φ,X)gµν , one obtains the relation
w =
w˜
1−(1− 3w˜)A,XX/A . (A.17)
Unless and until w˜ = 1/3, i.e. the fluid is radiation, w 6= w˜. The fact that for a generic
conformal transformation both the frames perceives radiation fluid simultaneously is reflective
of the conformal symmetry of the electromagnetic Lagrangian. In particular, notice that for
a simple field dependent conformal transformation g˜µν = A(φ)gµν , one has the relations
ρ = ρ˜A2 , P = P˜A2 , w = w˜ , (A.18)
as expected.
References
[1] M. Fierz, On the physical interpretation of P.Jordan’s extended theory of gravitation, Helv.
Phys. Acta 29 (1956) 128.
[2] P. Jordan, The present state of Dirac’s cosmological hypothesis, Z. Phys. 157 (1959) 112.
[3] C. Brans and R. H. Dicke, Mach’s principle and a relativistic theory of gravitation, Phys. Rev.
124 (1961) 925.
[4] P. G. Bergmann, Comments on the scalar tensor theory, Int. J. Theor. Phys. 1 (1968) 25.
[5] K. Nordtvedt, Jr., PostNewtonian metric for a general class of scalar tensor gravitational
theories and observational consequences, Astrophys. J. 161 (1970) 1059.
[6] R. V. Wagoner, Scalar tensor theory and gravitational waves, Phys. Rev. D1 (1970) 3209.
[7] R. H. Dicke, Mach’s principle and invariance under transformation of units, Phys. Rev. 125
(1962) 2163.
[8] T. Chiba and M. Yamaguchi, Conformal-Frame (In)dependence of Cosmological Observations
in Scalar-Tensor Theory, JCAP 1310 (2013) 040 [1308.1142].
[9] N. Deruelle and M. Sasaki, Conformal equivalence in classical gravity: the example of ’Veiled’
General Relativity, Springer Proc. Phys. 137 (2011) 247 [1007.3563].
[10] R. Catena, M. Pietroni and L. Scarabello, Einstein and Jordan reconciled: a frame-invariant
approach to scalar-tensor cosmology, Phys. Rev. D76 (2007) 084039 [astro-ph/0604492].
[11] J.-O. Gong, J.-c. Hwang, W.-I. Park, M. Sasaki and Y.-S. Song, Conformal invariance of
curvature perturbation, JCAP 1109 (2011) 023 [1107.1840].
– 26 –
[12] A. Yu. Kamenshchik and C. F. Steinwachs, Question of quantum equivalence between Jordan
frame and Einstein frame, Phys. Rev. D91 (2015) 084033 [1408.5769].
[13] M. S. Ruf and C. F. Steinwachs, Quantum equivalence of f(R) gravity and scalar-tensor
theories, Phys. Rev. D97 (2018) 044050 [1711.07486].
[14] N. Ohta, Quantum equivalence of f(R) gravity and scalar–tensor theories in the Jordan and
Einstein frames, PTEP 2018 (2018) 033B02 [1712.05175].
[15] J. D. Bekenstein, The Relation between physical and gravitational geometry, Phys. Rev. D48
(1993) 3641 [gr-qc/9211017].
[16] M. Minamitsuji, Disformal transformation of cosmological perturbations, Phys. Lett. B737
(2014) 139 [1409.1566].
[17] H. Motohashi and J. White, Disformal invariance of curvature perturbation, JCAP 1602
(2016) 065 [1504.00846].
[18] Y. Watanabe, A. Naruko and M. Sasaki, Multi-disformal invariance of non-linear primordial
perturbations, EPL 111 (2015) 39002 [1504.00672].
[19] G. Dome`nech, A. Naruko and M. Sasaki, Cosmological disformal invariance, JCAP 1510
(2015) 067 [1505.00174].
[20] G. Dome`nech, S. Mukohyama, R. Namba, A. Naruko, R. Saitou and Y. Watanabe,
Derivative-dependent metric transformation and physical degrees of freedom, Phys. Rev. D92
(2015) 084027 [1507.05390].
[21] M. Zumalaca´rregui, T. S. Koivisto and D. F. Mota, DBI Galileons in the Einstein Frame:
Local Gravity and Cosmology, Phys. Rev. D87 (2013) 083010 [1210.8016].
[22] M. Zumalaca´rregui and J. Garc´ıa-Bellido, Transforming gravity: from derivative couplings to
matter to second-order scalar-tensor theories beyond the Horndeski Lagrangian, Phys. Rev.
D89 (2014) 064046 [1308.4685].
[23] R. Wald, General Relativity. University of Chicago Press, Chicago, 1984.
[24] C. Misner, Gravitation. Princeton University Press, Princeton, N.J, 2017.
[25] C. Will, Theory and experiment in gravitational physics. Cambridge University Press,
Cambridge, 2 ed., 2018.
[26] F. Chibana, R. Kimura, M. Yamaguchi, D. Yamauchi and S. Yokoyama, Redshift space
distortions in the presence of non-minimally coupled dark matter, JCAP 1910 (2019) 049
[1908.07173].
[27] A. Sandage, The Change of Redshift and Apparent Luminosity of Galaxies due to the
Deceleration of Selected Expanding Universes., Astrophys. J. 136 (1962) 319.
[28] A. Loeb, Direct Measurement of Cosmological Parameters from the Cosmic Deceleration of
Extragalactic Objects, Astrophys. J. 499 (1998) L111 [astro-ph/9802122].
[29] P.-S. Corasaniti, D. Huterer and A. Melchiorri, Exploring the Dark Energy Redshift Desert with
the Sandage-Loeb Test, Phys. Rev. D75 (2007) 062001 [astro-ph/0701433].
[30] G. F. R. Ellis, Relativistic cosmology, Gen. Rel. Grav. 41 (2009) 581.
[31] P. Brax, C. Burrage, A.-C. Davis and G. Gubitosi, Cosmological Tests of the Disformal
Coupling to Radiation, JCAP 1311 (2013) 001 [1306.4168].
[32] M. Sasaki, Cosmological gravitational lens equation: Its validity and limitation, Prog. Theor.
Phys. 90 (1993) 753.
[33] C. van de Bruck, J. Morrice and S. Vu, Constraints on Nonconformal Couplings from the
Properties of the Cosmic Microwave Background Radiation, Phys. Rev. Lett. 111 (2013)
161302 [1303.1773].
– 27 –
[34] G. F. R. Ellis, R. Poltis, J.-P. Uzan and A. Weltman, Blackness of the cosmic microwave
background spectrum as a probe of the distance-duality relation, Phys. Rev. D87 (2013) 103530
[1301.1312].
[35] J. M. Bardeen, Gauge Invariant Cosmological Perturbations, Phys. Rev. D22 (1980) 1882.
[36] H. Kodama and M. Sasaki, Cosmological Perturbation Theory, Prog. Theor. Phys. Suppl. 78
(1984) 1.
[37] D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, A New approach to the evolution of
cosmological perturbations on large scales, Phys. Rev. D62 (2000) 043527 [astro-ph/0003278].
[38] A. Yu. Kamenshchik, U. Moschella and V. Pasquier, An Alternative to quintessence, Phys.
Lett. B511 (2001) 265 [gr-qc/0103004].
[39] N. Makino and M. Sasaki, The Density perturbation in the chaotic inflation with nonminimal
coupling, Prog. Theor. Phys. 86 (1991) 103.
[40] E. Komatsu and T. Futamase, Complete constraints on a nonminimally coupled chaotic
inflationary scenario from the cosmic microwave background, Phys. Rev. D59 (1999) 064029
[astro-ph/9901127].
[41] T. Chiba and M. Yamaguchi, Extended Slow-Roll Conditions and Rapid-Roll Conditions, JCAP
0810 (2008) 021 [0807.4965].
– 28 –
